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Abstract
In this article, we calculate the contributions of the vacuum condensates up to dimension-
10 in the operator product expansion, and study the Cγµ −Cγν type scalar, axial-vector and
tensor tetraquark states in details with the QCD sum rules. In calculations, we use the formula
µ =
√
M2X/Y/Z − (2Mc)
2 to determine the energy scales of the QCD spectral densities. The
predictions MJ=2 =
(
4.02+0.09
−0.09
)
GeV, MJ=1 =
(
4.02+0.07
−0.08
)
GeV favor assigning the Zc(4020)
and Zc(4025) as the J
PC = 1+− or 2++ diquark-antidiquark type tetraquark states, while
the prediction MJ=0 =
(
3.85+0.15
−0.09
)
GeV disfavors assigning the Z(4050) and Z(4250) as the
JPC = 0++ diquark-antidiquark type tetraquark states. Furthermore, we discuss the strong
decays of the 0++, 1+−, 2++ diquark-antidiquark type tetraquark states in details.
PACS number: 12.39.Mk, 12.38.Lg
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1 Introduction
In 2008, the Belle collaboration reported the first observation of two resonance-like structures in the
π+χc1 invariant mass distribution near 4.1GeV in the exclusive B¯
0 → K−π+χc1 decays, and deter-
mined the masses and widths MZ(4050) =
(
4051± 14+20−41
)
MeV, MZ(4250) =
(
4248+44−29
+180
−35
)
MeV,
ΓZ(4050) =
(
82+21−17
+47
−22
)
MeV and ΓZ(4250) =
(
177+54−39
+316
−61
)
MeV, respectively [1]. There have been
several tentative assignments, such as the tetraquark states [2, 3, 4], molecular states [5], etc.
In 2011, the BaBar collaboration searched for the Z+(4050) and Z+(4250) states in the decays
B¯0 → χc1K−π+ and B+ → χc1K0Sπ+ based on the data collected with the BaBar detector at the
SLAC PEP-II asymmetric-energy e+e− collider, and observed no evidences [6]. The Z+(4050) and
Z+(4250) still need confirmation.
In 2013, the BESIII collaboration observed the Z±c (4025) near the (D
∗D¯∗)± threshold in the π∓
recoil mass spectrum in the process e+e− → (D∗D¯∗)±π∓ at a center-of-mass energy of 4.26GeV,
and determined the mass and width MZc(4025) = (4026.3± 2.6± 3.7)MeV and ΓZc(4025) = (24.8±
5.6±7.7)MeV, respectively [7]. Furthermore, the BESIII collaboration observed the Zc(4020) in the
π±hc mass spectrum in the process e
+e− → π+π−hc at center-of-mass energies (3.90− 4.42)GeV,
and determined the mass and width MZc(4020) = (4022.9± 0.8± 2.7)MeV and ΓZc(4020) = (7.9±
2.7 ± 2.6)MeV, respectively [8]. There have been several tentative assignments of the Zc(4025)
and Zc(4020), such as the re-scattering effects [9], molecular states [10], tetraquark states [11], etc.
The S-waveD∗D¯∗ systems have the quantum numbers JPC = 0++, 1+−, 2++, the S-wave π±hc
systems have the quantum numbers JPC = 1−−, the S-wave π±χc1 systems have the quantum
numbers JPC = 1−+ (or JPC = 1−−). On the other hand, it is also possible for the P-wave
π±hc and π
±χc1 systems to have the quantum numbers J
PC = 0++, 1+−, 2++. In Ref.[12], we
observe that the predictions based on the QCD sum rules disfavor assigning the Zc(4020) and
Zc(4025) as the diquark-antidiquark type vector tetraquark states. The Zc(4020) and Zc(4025)
are potential candidates of the axial-vector and tensor tetraquark states [12]. The Z(4050) and
Z(4250) are potential candidates of the scalar tetraquark states [2, 3]. However, we cannot exclude
the possibilities that the Zc(4025), Zc(4020) and Z(4050) are the same particle with the J
PC = 1+−
or 2++. The Zc(4025), Zc(4020), Z(4050) and Z(4250) are charged charmonium-like states, their
quark constituents must be cc¯ud¯ or cc¯du¯ irrespective of the diquark-antidiquark type or meson-
meson type substructures. The interested reader can consult Ref.[13] for more articles on the exotic
X , Y and Z particles.
1E-mail: zgwang@aliyun.com.
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In Refs.[12, 14], we distinguish the charge conjugations of the interpolating currents, calculate
the contributions of the vacuum condensates up to dimension-10 in the operator product expansion,
study the diquark-antidiquark type axial-vector and vector tetraquark states in a systematic way
with the QCD sum rules, make possible assignments of the X(3872), Zc(3900), Zc(3885), Zc(4020),
Zc(4025), Y (4360), Y (4630) and Y (4660). Furthermore, we explore the energy scale dependence
of the hidden charmed tetraquark states in details for the first time, and suggest a formula
µ =
√
M2X/Y/Z − (2Mc)2 , (1)
with the effective c-quark mass Mc = 1.8GeV to determine the energy scales of the QCD spectral
densities in the QCD sum rules. The masses of the JPC = 1−+,1−− tetraquark states with
symbolic quark structure cc¯ud¯ disfavor assigning the Zc(4020), Zc(4025) and Y (4360) as the vector
tetraquark states; the masses of the vector tetraquark states with symbolic quark structures cc¯ss¯
and cc¯(uu¯+ dd¯)/
√
2 favor assigning the Y (4660) (or Y (4630)) as the 1−− tetraquark state [12].
In Refs.[2, 3], we study the Cγµ − Cγµ and Cγ5 − Cγ5 type scalar tetraquark states with the
QCD sum rules by carrying out the operator product expansion to the vacuum condensates up to
dimension-10 and setting the energy scale to be µ = 1GeV. In Ref.[11], the Qiao and Tang study
the vector and tensor tetraquark states with the QCD sum rules by carrying out the operator
product expansion to the vacuum condensates up to dimension-8. They try to assign the Zc(4025)
as the JP = 2+ tetraquark state (to be more precise, the JPC = 2+− tetraquark state), but do
not show (or do not specify) the energy scales of the QCD spectral densities. In Refs.[2, 3, 11],
some higher dimension vacuum condensates involving the gluon condensate, mixed condensate and
four-quark condensate are neglected, which maybe impair the predictive ability.
In this article, we distinguish the charge conjugations of the interpolating currents, calculate
the contributions of the vacuum condensates up to dimension-10 in a consistent way, study the
scalar, axial-vector, tensor hidden charmed tetraquark states with the Cγµ−Cγν type interpolating
currents in a systematic way, make tentative assignments of the Zc(4020), Zc(4025), Z(4050) and
Z(4250) based on the QCD sum rules. Furthermore, we explore validity of the formula on how to
determine the energy scales of the QCD spectral densities [12].
The diquarks have five Dirac tensor structures, scalar Cγ5, pseudoscalar C, vector Cγµγ5, axial
vector Cγµ and tensor Cσµν . The structures Cγµ and Cσµν are symmetric, the structures Cγ5, C
and Cγµγ5 are antisymmetric. The attractive interactions of one-gluon exchange favor formation
of the diquarks in color antitriplet 3c, flavor antitriplet 3f and spin singlet 1s (or flavor sextet
6f and spin triplet 3s) [15], the favored configurations are the scalar and axial-vector diquark
states. We take the diquark states as the basic constituents following Jaffe and Wilczek [16]. If
additional partial derivative is not introduced, the scalar Cγ5 diquark-antidiquark pair can form
scalar tetraquark states only, while the axial-vector Cγµ diquark-antidiquark pair can form scalar,
axial-vector, tensor tetraquark states. The scalar and axial-vector heavy-light diquark states have
almost degenerate masses from the QCD sum rules [17]. In this article, we choose the Cγµ −Cγν
type interpolating currents to study the tetraquark states.
The article is arranged as follows: we derive the QCD sum rules for the masses and pole
residues of the scalar, axial-vector, tensor tetraquark states in section 2; in section 3, we present
the numerical results and discussions; section 4 is reserved for our conclusion.
2
2 QCD sum rules for the scalar, axial-vector and tensor
tetraquark states
In the following, we write down the two-point correlation functions Πµναβ(p) and Π(p) in the QCD
sum rules,
Πµναβ(p) = i
∫
d4xeip·x〈0|T
{
ηµν(x)η
†
αβ(0)
}
|0〉 , (2)
Π(p) = i
∫
d4xeip·x〈0|T {η(x)η†(0)} |0〉 , (3)
ηµν(x) =
ǫijkǫimn√
2
{
uj(x)Cγµc
k(x)d¯m(x)γνCc¯
n(x) + tuj(x)Cγνc
k(x)d¯m(x)γµCc¯
n(x)
}
, (4)
η(x) = ǫijkǫimnuj(x)Cγµc
k(x)d¯m(x)γµCc¯n(x) , (5)
where the i, j, k, m, n are color indexes, the C is the charge conjugation matrix. Under charge
conjugation transform Ĉ, the currents ηµν(x) and η(x) have the following properties,
Ĉ ηµν(x) Ĉ
−1 = ± ηµν(x) |u↔d for t = ±1 ,
Ĉ η(x) Ĉ−1 = η(x) |u↔d , (6)
which originate from the charge conjugation property of the axial-vector diquark states,
Ĉ
[
ǫijkqjCγµc
k
]
Ĉ−1 = ǫijk q¯jγµCc¯
k . (7)
The charged currents ηµν(x) and η(x) change their charge signs under charge conjugation. The
neutral partners η˜µν and η˜,
η˜µν =
ǫijkǫimn
2
{
ujCγµc
ku¯mγνCc¯
n + djCγµc
kd¯mγνCc¯
n
+tujCγνc
ku¯mγµCc¯
n + tdjCγνc
kd¯mγµCc¯
n
}
, (8)
η˜ =
ǫijkǫimn√
2
{
ujCγµc
ku¯mγµCc¯n + djCγµc
kd¯mγµCc¯n
}
, (9)
are eigenstates of the charge conjugation. The currents η˜µν and ηµν (η˜ and η) have the same
charge conjugations. We take the currents η(x), ηt=−µν (x) and η
t=+
µν (x) to interpolate the scalar,
axial-vector and tensor tetraquark states, respectively. The Zc(4020) and Zc(4025) are potential
candidates of the axial-vector and tensor tetraquark states, the Z(4050) and Z(4250) are potential
candidates of the scalar tetraquark states. Other possibilities are not excluded.
At the hadronic side, we can insert a complete set of intermediate hadronic states with the
same quantum numbers as the current operators ηµν(x) and η(x) into the correlation functions
Πµναβ(p) and Π(p) to obtain the hadronic representation [18, 19]. After isolating the ground state
contributions of the scalar, axial-vector and tensor tetraquark states, we get the following results,
ΠJ=2µναβ(p) = ΠJ=2(p)
(
g˜µαg˜νβ + g˜µβ g˜να
2
− g˜µν g˜αβ
3
)
+Πs(p) gµνgαβ ,
=
λ2Z
M2Z − p2
(
g˜µαg˜νβ + g˜µβ g˜να
2
− g˜µν g˜αβ
3
)
+ · · · , (10)
ΠJ=1µναβ(p) = ΠJ=1(p) (−g˜µαpνpβ − g˜νβpµpα + g˜µβpνpα + g˜ναpµpβ) + Πs(p) (gµαgνβ − gµβgνα) ,
=
λ2Z
M2Z − p2
(−g˜µαpνpβ − g˜νβpµpα + g˜µβpνpα + g˜ναpµpβ) + · · · , (11)
ΠJ=0(p) = ΠJ=0(p) =
λ2Z
M2Z − p2
+ · · · , (12)
3
where the notation g˜µν = gµν − pµpνp2 , the components Πs(p) are irrelevant in the present analysis
[20], we add the superscripts and subscripts J = 2, 1, 0 to denote the total angular momentum.
The pole residues λZ are defined by
〈0|ηt=+µν (0)|ZJ=2(p)〉 = λZ εµν ,
〈0|ηt=−µν (0)|ZJ=1(p)〉 = λZ (εµpν − ενpµ) ,
〈0|η(0)|ZJ=0(p)〉 = λZ , (13)
the εµν and εµ are the polarization vectors of the tensor and axial-vector tetraquark states respec-
tively with the following properties,∑
λ
ε∗αβ(λ, p)εµν(λ, p) =
g˜αµg˜βν + g˜αν g˜βµ
2
− g˜αβ g˜µν
3
,∑
λ
ε∗µ(λ, p)εν(λ, p) = −g˜µν . (14)
The tensor current ηt=−αβ has no coupling with the J
P = 2+ (or tensor) tetraquark states, as the
Lorentz indexes α and β are antisymmetric.
In the following, we briefly outline the operator product expansion for the correlation functions
Πµναβ(p) and Π(p) in perturbative QCD. We contract the u, d and c quark fields in the correlation
functions Πµναβ(p) and Π(p) with Wick theorem, and obtain the results:
Πµναβ(p) =
iǫijkǫimnǫi
′j′k′ǫi
′m′n′
2
∫
d4xeip·x{
Tr
[
γµC
kk′ (x)γαCU
jj′T (x)C
]
Tr
[
γβC
n′n(−x)γνCDm
′mT (−x)C
]
+Tr
[
γνC
kk′ (x)γβCU
jj′T (x)C
]
Tr
[
γαC
n′n(−x)γµCDm
′mT (−x)C
]
±Tr
[
γµC
kk′ (x)γβCU
jj′T (x)C
]
Tr
[
γαC
n′n(−x)γνCDm
′mT (−x)C
]
±Tr
[
γνC
kk′ (x)γαCU
jj′T (x)C
]
Tr
[
γβC
n′n(−x)γµCDm
′mT (−x)C
]}
,
Π(p) = iǫijkǫimnǫi
′j′k′ǫi
′m′n′
∫
d4xeip·x
Tr
[
γµC
kk′ (x)γαCU
jj′T (x)C
]
Tr
[
γαCn
′n(−x)γµCDm′mT (−x)C
]
, (15)
where the ± correspond to t = ± respectively, the Uij(x), Dij(x) and Cij(x) are the full u, d and
c quark propagators respectively (the Uij(x) and Dij(x) can be written as Sij(x) for simplicity),
Sij(x) =
iδij 6x
2π2x4
− δij〈q¯q〉
12
− δijx
2〈q¯gsσGq〉
192
− igsG
a
αβt
a
ij(6xσαβ + σαβ 6x)
32π2x2
− iδijx
2 6xg2s 〈q¯q〉2
7776
−δijx
4〈q¯q〉〈g2sGG〉
27648
− 1
8
〈q¯jσµνqi〉σµν − 1
4
〈q¯jγµqi〉γµ + · · · , (16)
Cij(x) =
i
(2π)4
∫
d4ke−ik·x
{
δij
6k −mc −
gsG
n
αβt
n
ij
4
σαβ(6k +mc) + (6k +mc)σαβ
(k2 −m2c)2
+
gsDαG
n
βλt
n
ij(f
λβα + fλαβ)
3(k2 −m2c)4
− g
2
s(t
atb)ijG
a
αβG
b
µν(f
αβµν + fαµβν + fαµνβ)
4(k2 −m2c)5
+ · · ·
}
,
fλαβ = (6k +mc)γλ(6k +mc)γα(6k +mc)γβ(6k +mc) ,
fαβµν = (6k +mc)γα(6k +mc)γβ(6k +mc)γµ(6k +mc)γν(6k +mc) , (17)
4
and tn = λ
n
2 , the λ
n is the Gell-Mann matrix, Dα = ∂α− igsGnαtn [19], then compute the integrals
both in the coordinate and momentum spaces to obtain the correlation functions Πµναβ(p) and
Π(p) therefore the QCD spectral densities. In Eq.(16), we retain the terms 〈q¯jσµνqi〉 and 〈q¯jγµqi〉
originate from the Fierz re-arrangement of the 〈qiq¯j〉 to absorb the gluons emitted from the heavy
quark lines to form 〈q¯jgsGaαβtamnσµνqi〉 and 〈q¯jγµqigsDνGaαβtamn〉 so as to extract the mixed con-
densate and four-quark condensates 〈q¯gsσGq〉 and g2s〈q¯q〉2, respectively. One can consult Ref.[14]
for some technical details in the operator product expansion.
Once the analytical expressions are obtained, we can take the quark-hadron duality below the
continuum thresholds s0 and perform Borel transform with respect to the variable P
2 = −p2 to
obtain the following QCD sum rules:
λ2Z exp
(
−M
2
Z
T 2
)
=
∫ s0
4m2c
ds ρ(s) exp
(
− s
T 2
)
, (18)
where
ρ(s) = ρ0(s) + ρ3(s) + ρ4(s) + ρ5(s) + ρ6(s) + ρ7(s) + ρ8(s) + ρ10(s) , (19)
the subscripts 0, 3, 4, 5, 6, 7, 8 and 10 denote the dimensions of the vacuum condensates in
the operator product expansion, the T 2 denotes the Borel parameter. The explicit expressions
of the QCD spectral densities ρi(s) are given in the appendix. In this article, we carry out
the operator product expansion to the vacuum condensates up to dimension-10 and discard the
perturbative corrections. Furthermore, we assume vacuum saturation for the higher dimension
vacuum condensates. The terms associate with 1T 2 ,
1
T 4 ,
1
T 6 in the QCD spectral densities ρi,
i = 7, 8, 10, manifest themselves at small values of the T 2, we have to choose large values of the T 2
to warrant convergence of the operator product expansion and appearance of the Borel platforms.
In the Borel windows, the higher dimension vacuum condensates play a less important role. In
summary, the higher dimension vacuum condensates play an important role in determining the
Borel windows therefore the ground state masses and pole residues, though they maybe play a less
important role in the Borel windows. We should take them into account consistently.
Differentiate Eq.(18) with respect to 1T 2 , then eliminate the pole residues λZ , we obtain the
QCD sum rules for the masses of the scalar, axial-vector and tensor tetraquark states,
M2Z =
∫ s0
4m2c
ds dd(−1/T 2)ρ(s) exp
(− sT 2 )∫ s0
4m2c
dsρ(s) exp
(− sT 2 ) . (20)
3 Numerical results and discussions
The vacuum condensates are taken to be the standard values 〈q¯q〉 = −(0.24±0.01GeV)3, 〈q¯gsσGq〉 =
m20〈q¯q〉, m20 = (0.8± 0.1)GeV2, 〈αsGGpi 〉 = (0.33GeV)4 at the energy scale µ = 1GeV [18, 19, 21].
The quark condensate and mixed quark condensate evolve with the renormalization group equa-
tion, 〈q¯q〉(µ) = 〈q¯q〉(Q)
[
αs(Q)
αs(µ)
] 4
9
and 〈q¯gsσGq〉(µ) = 〈q¯gsσGq〉(Q)
[
αs(Q)
αs(µ)
] 2
27
.
In the article, we take theMS massmc(mc) = (1.275±0.025)GeV from the Particle Data Group
[22], and take into account the energy-scale dependence of the MS mass from the renormalization
group equation,
mc(µ) = mc(mc)
[
αs(µ)
αs(mc)
] 12
25
,
αs(µ) =
1
b0t
[
1− b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (21)
5
where t = log µ
2
Λ2 , b0 =
33−2nf
12pi , b1 =
153−19nf
24pi2 , b2 =
2857− 5033
9
nf+
325
27
n2f
128pi3 , Λ = 213MeV, 296MeV
and 339MeV for the flavors nf = 5, 4 and 3, respectively [22].
In the conventional QCD sum rules [18, 19], there are two criteria (pole dominance and con-
vergence of the operator product expansion) for choosing the Borel parameter T 2 and threshold
parameter s0. The light tetraquark states cannot satisfy the two criteria, though it is not an indi-
cation of non-existence of the light tetraquark states (For detailed discussions about this subject,
one can consult Ref.[23]). We impose the two criteria on the hidden charmed tetraquark states to
choose the Borel parameter T 2 and threshold parameter s0. Furthermore, we take it for granted
that the energy gap between the ground states and the first radial excited states is about 0.5GeV.
In Fig.1, the masses of the scalar (J = 0), axial-vector (J = 1) and tensor (J = 2) tetraquark
states are plotted with variations of the Borel parameters T 2, energy scales µ, and continuum
threshold parameters s0, where s
J=2
0 = s
J=1
0 = 20.5GeV
2, sJ=00 = 18.5GeV
2, s
Z(4050)
0 = 21.0GeV
2,
and s
Z(4250)
0 = 22.5GeV
2. From the figure, we can see that the masses decrease monotonously
with increase of the energy scales. The parameters sJ=20 = s
J=1
0 = 20.5GeV
2 and µ = 1.8GeV
can reproduce the experimental values of the masses of the Zc(4020) and Zc(4025) in the cases of
JPC = 1+− or 2++ assignments. In Ref.[12], we observe that the predictions based on the QCD
sum rules disfavor assigning the Zc(4020) and Zc(4025) as the diquark-antidiquark type vector
tetraquark states.
In Ref.[14], we observe that the energy scale µ = 1.5GeV is the lowest energy scale to reproduce
the experimental values of the masses of the X(3872) and Zc(3900) or Zc(3885). In Ref.[12], we
suggest a formula to estimate the energy scales of the QCD spectral densities in the QCD sum
rules for the hidden charmed tetraquark states, µ =
√
M2X/Y/Z − (2Mc)2, with the effective c-
quark mass Mc = 1.8GeV. The heavy tetraquark system could be described by a double-well
potential with two light quarks q′q¯ lying in the two wells respectively. In the heavy quark limit,
the c (and b) quark can be taken as a static well potential, which binds the light quark q′ to form a
diquark in the color antitriplet channel or binds the light antiquark q¯ to form a meson in the color
singlet channel (or a meson-like state in the color octet channel). Then the heavy tetraquark states
are characterized by the effective heavy quark masses MQ (or constituent quark masses) and the
virtuality
√
M2X/Y/Z − (2MQ)2 (or bound energy not as robust). It is natural to take the energy
scale µ =virtuality. The resulting energy scales are µ = 1.5GeV for the Zc(3900) and X(3872)
[14], µ = 3.0GeV for the Y (4660) [12], µ = 1.8GeV for the Zc(4020) and Zc(4025) in the present
case.
If the Z(4050) and Z(4250) are scalar tetraquark states, the energy scale µ = 1.8GeV is too
large, see Fig.1.
• If the Z(4050) is a scalar tetraquark state, the energy scale µ = 1.2GeV is the optimal energy
scale.
• If the Z(4250) is a scalar tetraquark state, the energy scale µ = 1.0GeV is the optimal energy
scale.
In the two cases, the energy scales µ≪ 1.8GeV, it is very odd that the energy scales of the QCD
spectral densities of the Z(4050) and Z(4250) are much smaller than that of the Zc(4020) and
Zc(4025). We can draw the conclusion tentatively that the predictions based on the QCD sum
rules disfavor assigning the Z(4050) and Z(4250) as the Cγµ −Cγµ type scalar tetraquark states.
In Refs.[2, 3], we obtain the masses (4.36± 0.18)GeV, (4.37± 0.18)GeV and (4.56± 0.14)GeV
for the Cγµ − Cγµ, Cγ5 − Cγ5 and Cγµγ5 − Cγµγ5 type scalar cc¯cd¯ tetraquark states respec-
tively using the QCD sum rules. In calculations, we take the mass mc(µ = 1GeV) = (1.35 ±
0.10)GeV, the energy scale µ = 1GeV is much smaller than that determined by the formula
µ =
√
M2X/Y/Z − (2Mc)2. The masses of the Cγµγ5 − Cγµγ5 type scalar tetraquark states are
much larger than that of the Cγµ−Cγµ and Cγ5−Cγ5 type scalar tetraquark states [2, 3]. If the
Z(4050) and Z(4250) are scalar tetraquark states, they may be the Cγµγ5−Cγµγ5 or C−C type.
Under the Fierz re-arrangement, we can rearrange the diquark-antidiquark type currents into
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Figure 1: The masses with variations of the Borel parameters T 2 and energy scales µ for the J =
2, 1, 0 tetraquark states. The horizontal lines denote the experimental values of the masses of the
Zc(4020) and Zc(4025) in the case of J = 1 and J = 2; the experimental values of the masses of the
Z(4050) and Z(4250) in the case of Z(4050, J = 0) and Z(4250, J = 0). In the figures denoted by
the Z(4050, J = 0) and Z(4250, J = 0), we take the Z(4050) and Z(4250) as the J = 0 tetraquark
states, choose the continuum threshold parameters s
Z(4050)
0 = (MZ(4050) + 0.5)
2 ≈ 21.0GeV2 and
s
Z(4250)
0 = (MZ(4250) + 0.5)
2 ≈ 22.5GeV2.
7
JPC T 2(GeV2) s0(GeV
2) pole MZ(GeV) λZ
2++ 2.6− 3.0 20.5± 1.0 (50− 73)% 4.02+0.09−0.09 3.97+0.58−0.52 × 10−2GeV5
1+− 2.8− 3.2 20.5± 1.0 (51− 72)% 4.02+0.07−0.08 0.80+0.11−0.11 × 10−2GeV4
0++ 2.0− 2.4 18.5± 1.0 (50− 78)% 3.85+0.15−0.09 3.15+0.75−0.53 × 10−2GeV5
Table 1: The Borel parameters, continuum threshold parameters, pole contributions, masses and
pole residues of the scalar, axial-vector and tensor tetraquark states.
the color singlet-singlet type + color octet-octet type currents [24], the energy scale formula can
be applied to study the molecular states in the QCD sum rules [25].
We take the energy scales as µ = 1.8GeV, 1.8GeV and 1.4GeV for the J = 2, 1 and 0
tetraquark states, respectively. In Fig.2, the contributions of the pole terms are plotted with
variations of the threshold parameters s0 and Borel parameters T
2. In calculations, we observe
that the values sJ=20 ≤ 18.5GeV2, sJ=10 ≤ 18.5GeV2 and sJ=00 ≤ 16.5GeV2 are too small to satisfy
the pole dominance condition and result in reasonable Borel windows. In Fig.3, the contributions
of different terms in the operator product expansion are plotted with variations of the Borel
parameters T 2 for the threshold parameters sJ=20 = s
J=1
0 = 20.5GeV
2, sJ=00 = 18.5GeV
2. The
contributions of the vacuum condensates of dimensions 3, 5, 6, 8, 10 change quickly with variations
of the Borel parameters at the regions T 2 < 2.4GeV2 and 2.0GeV2 for the J = 2 and 0 tetraquark
states, respectively, the contributions of the vacuum condensates of dimensions 3, 5 change quickly
with variations of the Borel parameter at the region T 2 < 2.4GeV2 for the J = 1 tetraquark state,
which does not warrant platforms for the masses.
In this article, the Borel parameters are chosen as T 2 = (2.6− 2.8)GeV2, (2.8− 3.2)GeV2 and
(2.0 − 2.4)GeV2 for the J = 2, 1 and 0 tetraquark states, respectively, the continuum threshold
parameters are chosen as s0 = (20.5 ± 1.0)GeV2, (20.5 ± 1.0)GeV2 and (18.5 ± 1.0)GeV2 for
the J = 2, 1 and 0 tetraquark states, respectively. Then the convergent behavior in the operator
product expansion is very good. Such Borel parameters and threshold parameters can also lead to
analogous pole contributions. The Borel parameters, continuum threshold parameters and the pole
contributions are shown explicitly in Table 1. The two criteria (pole dominance and convergence
of the operator product expansion) of the QCD sum rules are fully satisfied, so we expect to make
reasonable predictions.
Taking into account all uncertainties of the input parameters, finally we obtain the values of
the masses and pole residues of the scalar, axial-vector and tensor tetraquark states, which are
shown explicitly in Figs.4-5 and Table 1. The predictions MJ=2 =
(
4.02+0.09−0.09
)
GeV, MJ=1 =(
4.02+0.07−0.08
)
GeV are consistent with the experimental valuesMZc(4025) = (4026.3±2.6±3.7)MeV,
MZc(4020) = (4022.9±0.8±2.7)MeV from the BESIII collaboration [7, 8]. The present predictions
favor assigning the Zc(4020) and Zc(4025) as the J
PC = 1+− and 2++ diquark-antidiquark type
tetraquark states. More experimental data on the spin and parity are stilled needed to identify
the Zc(4020) and Zc(4025), while the Z(4050) and Z(4250) still need confirmation.
In Table 1, the pole residues λZ(1+−) =
(
0.80+0.11−0.11
) × 10−2GeV4 and λZ(2++) = (3.97+0.58−0.52)×
10−2GeV5 are quite different due to the definitions, see Eq.(13), although the interpolating cur-
rents ηt=±µν are similar. The λZ(1+−) has smaller dimension of mass compared to the λZ(2++), the
λZ(0++), λZ(1+−)MZ(1+−), λZ(2++) are of the same magnitude. The correlation function Π
J=2
µναβ(p)
(ΠJ=1µναβ(p)) is symmetric (anti-symmetric) in exchanging the Lorentz indexes µ↔ ν or α↔ β, the
vacuum condensates of the dimensions 8 and 10 and some other vacuum condensates disappear
at the QCD side of the correlation function ΠJ=1µναβ(p) due to the anti-symmetry property of the
Lorentz indexes, which leads to weaker current-meson coupling, λZ(1+−)MZ(1+−) < λZ(2++). If
we study the strong decays of the 1+− and 2++ tetraquark states with the three-point QCD sum
rules by taking the pole residues λZ(1+−) and λZ(2++) as input parameters, the difference in the
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Figure 2: The pole contributions with variations of the Borel parameters T 2 and threshold
parameters s0, where the A, B, C, D, E and F denote the threshold parameters s0 = 18.5, 19.5,
20.5, 21.5, 22.5 and 23.5GeV2 respectively for the J = 2, 1 tetraquark states; 16.5, 17.5, 18.5,
19.5, 20.5 and 21.5GeV2 respectively for the J = 0 tetraquark state.
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Figure 3: The contributions of different terms in the operator product expansion with variations
of the Borel parameters T 2, where the 0, 3, 4, 5, 6 ,7, 8 and 10 denote the dimensions of the
vacuum condensates.
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Figure 4: The masses with variations of the Borel parameters T 2, where the horizontal lines
denote the experimental values of the masses of the Zc(4020) and Zc(4025) .
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Figure 5: The pole residues with variations of the Borel parameters T 2.
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pole residues at the hadronic side is expected to be compensated by the difference in the spectral
densities at the QCD side, so the difference in the pole residues will not influence the decay widths
significantly.
The BESIII collaboration observed the Z±c (4025) and Z
±
c (4020) in the following processes [7, 8],
e+e− → Z±c (4025)π∓ → (D∗D¯∗)±(0++, 1+−, 2++, 0−+, 1−−, 2−+, 3−−)π∓ ,
e+e− → Z±c (4020)π∓ → (hcπ)±(1−−, 0++, 1+−, 2++)π∓ , (22)
where we present the possible quantum numbers JPC of the (D∗D¯∗)± and (hcπ)
± systems in
the brackets. If the Z±c (4025) and Z
±
c (4020) are the same particle, the quantum numbers are
JPC = 1−−, 0++, 1+−, 2++. On the other hand, the Z±c (4025)π
∓ and Z±c (4020)π
∓ systems have
the quantum numbers JPC = 1−−, then the survived quantum numbers of the Z±c (4025) and
Z±c (4020) are J
PC = 1−−, 1+− and 2++. The predictions based on the QCD sum rules reduce the
possible quantum numbers of the Zc(4025) and Zc(4020) to J
PC = 1+− and 2++ [12]. The strong
decays
Y (4260)/γ∗(4260) → Z±c (4025/4020)(2++)π∓ , (23)
take place through relative D-wave, and are kinematically suppressed in the phase-space compared
to the strong decays
Y (4260)/γ∗(4260) → Z±c (4025/4020)(1+−)π∓ . (24)
The 2++ assignment is disfavored, but not excluded.
In the following, we list out the possible strong decays of the Z±c (4025) and Z
±
c (3900) in the
case of the JPC = 1+− assignment.
Z±c (4025)(1
+−) → hc(1P)π± , J/ψπ± , ηcρ± , ηc(ππ)±P , χc1(ππ)±P , (DD¯∗)± , (D∗D¯∗)± ,
Z±c (3900)(1
+−) → hc(1P)π± , J/ψπ± , ηcρ± , ηc(ππ)±P , χc1(ππ)±P , (25)
where the (ππ)P denotes the P-wave ππ systems have the same quantum numbers of the ρ. We
take the Zc(4025) and Zc(4020) as the same particle in the J
PC = 1+− assignment, and will denote
them as Zc(4025). In Ref.[14], we observe that the Zc(3900) couples to the axial-vector current
ηµ1+− . In the following, we perform Fierz re-arrangement both in the color and Dirac-spinor spaces
to obtain the result,
ηµ1+− =
ǫijkǫimn√
2
{
ujCγ5c
kd¯mγµCc¯n − ujCγµckd¯mγ5Cc¯n
}
,
=
1
2
√
2
{
ic¯iγ5c d¯γ
µu− ic¯γµc d¯iγ5u+ c¯u d¯γµγ5c− c¯γµγ5u d¯c
−ic¯γνγ5c d¯σµνu+ ic¯σµνc d¯γνγ5u− ic¯σµνγ5u d¯γνc+ ic¯γνu d¯σµνγ5c
}
, (26)
the components c¯σµνc d¯γνγ5u, c¯γ
µc d¯iγ5u, c¯iγ5c d¯γ
µu, c¯iγ5c d¯γ
µu couple to the hc(1P)π
+, J/ψπ+,
ηcρ
+, ηc(ππ)
+
P , respectively. The strong decays
Z±c (3900)(1
+−) → hc(1P)π± , J/ψπ± , ηcρ± , ηc(ππ)±P , (27)
are Okubo-Zweig-Iizuka super-allowed, we take the decays to the (ππ)±P final states as Okubo-
Zweig-Iizuka super-allowed according to the decays ρ → ππ. The BESIII collaboration observed
no evidence of the Zc(3900) in the process e
+e− → π+π−hc at center-of-mass energies (3.90 −
4.42)GeV [8]. We expect to observe the Z±c (3900) in the hc(1P)π
± final states in the futures
when a large amount of events are accumulated. The components c¯σµνγ5u d¯γνc and c¯γνu d¯σ
µνγ5c
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couples to the scattering state (D∗D¯∗)+. In the nonrelativistic and heavy quark limit, the current
c¯σµνγ5u d¯γνc is reduced to the following form,
c¯σ0jγ5u d¯γjc ∝ ξ†cσjζu χ†d~σ · ~kdσjξc ∝ ξ†c
σj
2
ζu χ
†
d
σj
2
ξc = ~SD¯∗ · ~SD∗ ,
c¯σijγ5u d¯γjc ∝ ǫijkξ†cσk~σ · ~kuζu χ†d~σ · ~kdσjξc ∝ ǫijkξ†c
σk
2
ζu χ
†
d
σj
2
ξc = ~SD∗ × ~SD¯∗ , (28)
where the ξ, ζ, χ are the two-component spinors of the quark fields, the ~k are the three-vectors of the
quark fields, the σi are the pauli matrixes, and the ~S are the spin operators. It is obvious that the
currents c¯σµνγ5u d¯γνc and c¯γνu d¯σ
µνγ5c couple to the J
P = 0+ and 1+ (D∗D¯∗)+ states. However,
the strong decays Z±c (3900)(1
+−) → (D∗D¯∗)± are kinematically forbidden. The Zc(4025) and
Zc(3900) have the same quantum numbers and analogous strong decays but different masses and
quark configurations.
We can search for the Z±c (4025)(1
+−) in the final states hc(1P)π
±, χc1π
±, J/ψπ±, ηcρ
±,
ηc(ππ)
±
P , χc1(ππ)
±
P . Now we perform Fierz re-arrangement both in the color and Dirac-spinor
spaces to obtain the following result,
ηµν1+− =
ǫijkǫimn√
2
{
ujCγµckd¯mγνCc¯n − ujCγνckd¯mγµCc¯n} ,
=
1
2
√
2
{
id¯u c¯σµνc+ id¯σµνu c¯c+ id¯c c¯σµνu+ id¯σµνc c¯u
−c¯σµνγ5c d¯iγ5u− c¯iγ5c d¯σµνγ5u− c¯σµνγ5u d¯iγ5c− d¯iγ5c c¯σµνγ5u
+iǫµναβ c¯γαγ5c d¯γ
βu− iǫµναβ c¯γαc d¯γβγ5u
+iǫµναβ c¯γαγ5u d¯γ
βc− iǫµναβ c¯γαu d¯γβγ5c
}
. (29)
The scattering states J/ψπ+, ηcρ
+, ηc(ππ)
+
P , χc1(ππ)
+
P , (DD
∗)+ couple to the components c¯σµνγ5c d¯iγ5u,
c¯iγ5c d¯σ
µνγ5u, c¯iγ5c d¯σ
µνγ5u, ǫ
µναβ c¯γαγ5c d¯γ
βu, c¯σµνγ5u d¯iγ5c, respectively. The strong decays
Z±c (4025)(1
+−) → J/ψπ± , ηcρ± , ηc(ππ)±P , χc1(ππ)±P , (DD∗)± , (30)
are Okubo-Zweig-Iizuka super-allowed. In this article, we take the decays to the (ππ)±P/(πππ)
0
P
final states as Okubo-Zweig-Iizuka super-allowed according to the decays ρ→ ππ/ω → πππ.
We can also search for the neutral partner Z0c (4025)(1
+−) in the following strong and electro-
magnetic decays,
Z0c (4025)(1
+−) → hc(1P)π0 , J/ψπ0 , J/ψη , ηcρ0 , ηcω , ηc(ππ)0P , χcj(ππ)0P ,
ηc(πππ)
0
P , χcj(πππ)
0
P , ηcγ , χcjγ , (DD
∗)0 , (31)
where the (πππ)P denotes the P-wave πππ systems with the same quantum numbers of the ω.
On the other hand, if the Zc(4025) and Zc(4020) are different particles, we can search for the
Z±c (4025/4020)(0
++) and Z±c (4025/4020)(2
++) in the following strong decays,
Z±c (4025/4020)(0
++) → ηcπ± , J/ψρ± , J/ψ(ππ)±P , χc1π± , DD¯ , D∗D¯∗ ,
Z±c (4025/4020)(2
++) → ηcπ± , J/ψρ± , J/ψ(ππ)±P , χc1π± , DD¯ , D∗D¯∗ .
(32)
The strong decays
Y (4260)/γ∗(4260) → Z±c (4025/4020)(0++)π∓ , (33)
cannot take place. The 0++ assignment is excluded. If the Z±c (4025/4020)(0
++) states are observed
one day, it is odd indeed.
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In the following, we perform Fierz re-arrangement to the tensor and scalar currents ηµν2++ and
η0++ both in the color and Dirac-spinor spaces to obtain the results,
ηµν2++ =
ǫijkǫimn√
2
{
ujCγµckd¯mγνCc¯n + ujCγνckd¯mγµCc¯n
}
,
=
1
2
√
2
{
c¯γµγ5c d¯γ
νγ5u+ c¯γ
νγ5c d¯γ
µγ5u− c¯γµc d¯γνu− c¯γνc d¯γµu
+c¯γµγ5u d¯γ
νγ5c+ c¯γ
νγ5u d¯γ
µγ5c− c¯γµu d¯γνc− c¯γνu d¯γµc
+gαβ
(
c¯σµαc d¯σνβu+ c¯σναc d¯σµβu+ c¯σµαu d¯σνβc+ c¯σναu d¯σµβc
)
+gµν
(
c¯c d¯u+ c¯iγ5c d¯iγ5u+ c¯γαc d¯γ
αu− c¯γαγ5c d¯γαγ5u− 1
2
c¯σαβc d¯σ
αβu
+c¯u d¯c+ c¯iγ5u d¯iγ5c+ c¯γαu d¯γ
αc− c¯γαγ5u d¯γαγ5c− 1
2
c¯σαβu d¯σ
αβc
)}
, (34)
η0++ = u
jCγµc
kd¯mγµCc¯n ,
= c¯c d¯u+ c¯iγ5c d¯iγ5u+
1
2
c¯γαc d¯γ
αu− 1
2
c¯γαγ5c d¯γ
αγ5u
+c¯u d¯c+ c¯iγ5u d¯iγ5c+
1
2
c¯γαu d¯γ
αc− 1
2
c¯γαγ5u d¯γ
αγ5c , (35)
where we add the quantum numbers 2++ and 0++ as subscripts to show the JPC explicitly. The
currents ηµν2++ and η0++ couple to the Z
±
c (4025/4020)(2
++) and Z±c (3850)(0
++), respectively. We
denote the scalar hidden charmed tetraquark states with the mass 3850MeV as the Zc(3850), see
Table 1. Then we obtain the Okubo-Zweig-Iizuka super-allowed decays by taking into account the
couplings to the meson-meson pairs,
Z±c (4025/4020)(2
++) → ηcπ± , J/ψρ± , J/ψ(ππ)±P , χc1π± , DD¯ , D∗D¯∗ ,
Z±c (3850)(0
++) → ηcπ± , J/ψ(ππ)±P , χc1π± , DD¯ . (36)
We can search for the scalar and tensor tetraquark states in the futures at the BESIII, LHCb
and Belle-II. The diquark-antidiquark type current with special quantum numbers couples to a
special tetraquark state, while the current can be re-arranged both in the color and Dirac-spinor
spaces, and changed to a current as a special superposition of color singlet-singlet type currents.
The color singlet-singlet type currents couple to the meson-meson pairs. The diquark-antidiquark
type tetraquark state can be taken as a special superposition of a series of meson-meson pairs, and
embodies the net effects. The decays to its components (meson-meson pairs) are Okubo-Zweig-
Iizuka super-allowed, the kinematically allowed decays take place easily.
The ground state masses of the scalar tetraquark states are MJ=0 = 3832MeV or 3723MeV in
the constituent diquark model [26],MJ=0 = 3852MeV in the relativistic quark model [27],MJ=0 =
3729MeV in the relativized quark model [28]. The present prediction MJ=0 =
(
3.85+0.15−0.09
)
GeV is
compatible with the values from Refs.[26, 27].
4 Conclusion
In this article, we distinguish the charge conjugations of the interpolating currents, calculate the
contributions of the vacuum condensates up to dimension-10 in the operator product expansion,
study the Cγµ − Cγν type scalar, axial-vector and tensor tetraquark states in details with the
QCD sum rules. In calculations, we use the formula µ =
√
M2X/Y/Z − (2Mc)2 suggested in our
previous work to determine the energy scales of the QCD spectral densities, the µ can be inter-
preted as the virtuality (or bound energy not as robust) in the heavy quark limit. The predic-
tions MJ=2 =
(
4.02+0.09−0.09
)
GeV, MJ=1 =
(
4.02+0.07−0.08
)
GeV are consistent with the experimental
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values MZc(4025) = (4026.3 ± 2.6 ± 3.7)MeV, MZc(4020) = (4022.9 ± 0.8 ± 2.7)MeV from the
BESIII collaboration, which favor assigning the Zc(4020) and Zc(4025) as the J
PC = 1+− or
2++ diquark-antidiquark type tetraquark states. The prediction MJ=0 =
(
3.85+0.15−0.09
)
GeV disfa-
vors assigning the Z(4050) and Z(4250) as the JPC = 0++ diquark-antidiquark type tetraquark
states. There is no candidate for the scalar hidden charmed tetraquark state, the prediction
MJ=0 =
(
3.85+0.15−0.09
)
GeV can be confronted with the experimental data in the futures at the
BESIII, LHCb and Belle-II. More experimental data on the spin and parity are stilled needed to
identify the Zc(4020) and Zc(4025), while the Z(4050) and Z(4250) still need confirmation. Fur-
thermore, we discuss the strong decays of the 0++, 1+−, 2++ diquark-antidiquark type tetraquark
states in details, which are of phenomenological interest. The pole residues can be taken as basic
input parameters to study relevant processes of the scalar, axial-vector and tensor tetraquark states
with the three-point QCD sum rules.
Appendix
The spectral densities at the level of the quark-gluon degrees of freedom,
ρJ=20 (s) =
1
15360π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1 − y − z)3 (s−m2c)2 (293s2 − 190sm2c + 17m4c)
+
1
5120π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1 − y − z)2 (s−m2c)4 , (37)
ρJ=23 (s) = −
mc〈q¯q〉
16π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2c) (3s−m2c) , (38)
ρJ=24 (s) = −
m2c
11520π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1 − y − z)3{
56s− 17m2c + 10m4cδ
(
s−m2c
)}
− m
2
c
3840π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)2 (s−m2c)
− 1
15360π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1 − y − z)2 (185s2 − 208sm2c + 43m4c)
+
1
7680π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z) (s−m2c)2
− 1
2304π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (15s2 − 16sm2c + 3m4c)
− 1
13824π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)3 (25s2 − 24sm2c + 3m4c)
− 1
6912π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z) (25s2 − 24sm2c + 3m4c)
− 1
4608π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)2 (s−m2c)2
− 1
6912π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz
(
s−m2c
) (
13s− 5m2c
)
, (39)
16
ρJ=25 (s) =
mc〈q¯gsσGq〉
32π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)
(
2s−m2c
)
+
mc〈q¯gsσGq〉
144π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1 − y − z) (2s−m2c) , (40)
ρJ=26 (s) =
m2c〈q¯q〉2
6π2
∫ yf
yi
dy +
g2s〈q¯q〉2
3240π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
56s− 17m2c + 10m4cδ
(
s−m2c
)}
+
g2s〈q¯q〉2
3240π4
∫ yf
yi
dy y(1− y) (s− m˜2c)
−g
2
s〈q¯q〉2
9720π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
45
(
z
y
+
y
z
)(
2s−m2c
)
+
(
z
y2
+
y
z2
)
m2c
[
19 + 20m2cδ
(
s−m2c
)]
+ (y + z)
[
18
(
3s−m2c
)
+ 10m4cδ
(
s−m2c
)]}
−g
2
s〈q¯q〉2
9720π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
15
(
z
y
+
y
z
)(
2s−m2c
)
+
(
z
y2
+
y
z2
)
m2c
[
6 + 5m2cδ
(
s−m2c
)]
+ (y + z)
[
56s− 17m2c + 10m4cδ
(
s−m2c
)]}
, (41)
ρJ=27 (s) =
m3c〈q¯q〉
144π2T 2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1 − y − z)m2c δ
(
s−m2c
)
−mc〈q¯q〉
48π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z){1 +m2cδ (s−m2c)}
+
mc〈q¯q〉
48π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
{
1 +
m2c
3
δ
(
s−m2c
)}
+
mc〈q¯q〉
432π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
1− y
y
+
1− z
z
){
1 +m2cδ
(
s−m2c
)}
−mc〈q¯q〉
288π2
〈αsGG
π
〉
∫ yf
yi
dy
{
1 + m˜2c δ
(
s− m˜2c
)}
, (42)
ρJ=28 (s) = −
m2c〈q¯q〉〈q¯gsσGq〉
12π2
∫ 1
0
dy
(
1 +
m˜2c
T 2
)
δ
(
s− m˜2c
)
−m
2
c〈q¯q〉〈q¯gsσGq〉
216π2
∫ 1
0
dy
1
y(1− y)δ
(
s− m˜2c
)
, (43)
17
ρJ=210 (s) =
m2c〈q¯gsσGq〉2
96π2T 6
∫ 1
0
dy m˜4c δ
(
s− m˜2c
)
−m
4
c〈q¯q〉2
108T 4
〈αsGG
π
〉
∫ 1
0
dy
{
1
y3
+
1
(1 − y)3
}
δ
(
s− m˜2c
)
+
m2c〈q¯q〉2
36T 2
〈αsGG
π
〉
∫ 1
0
dy
{
1
y2
+
1
(1 − y)2
}
δ
(
s− m˜2c
)
−m
2
c〈q¯q〉2
324T 2
〈αsGG
π
〉
∫ 1
0
dy
1
y(1− y)δ
(
s− m˜2c
)
+
m2c〈q¯gsσGq〉2
864π2T 4
∫ 1
0
dy
1
y(1− y)m˜
2
c δ
(
s− m˜2c
)
+
m2c〈q¯gsσGq〉2
576π2T 2
∫ 1
0
dy
1
y(1− y)δ
(
s− m˜2c
)
+
m2c〈q¯q〉2
108T 6
〈αsGG
π
〉
∫ 1
0
dy m˜4c δ
(
s− m˜2c
)
, (44)
ρJ=10 (s) =
1
3072π6s
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)3 (s−m2c)2 (49s2 − 30sm2c +m4c)
+
1
3072π6s
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)2 (s−m2c)3 (3s+m2c) , (45)
ρJ=13 (s) = −
mc〈q¯q〉
16π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2c) , (46)
18
ρJ=14 (s) = −
m2c
2304π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1 − y − z)3{
8s−m2c +
5m4c
3
δ
(
s−m2c
)}
− m
2
c
2304π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1 − y − z)2m2c
− 1
9216π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1 − y − z)2 (5s2 − 3m4c)
+
1
4608π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1 − y − z) (s2 −m4c)
+
1
2304π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (5s− 4m2c)
+
1
41472π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)3 (55s2 − 48sm2c + 3m4c)
+
1
6912π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1 − y − z) (5s2 − 3m4c)
− 1
3456π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)2 (s−m2c) (2s−m2c)
+
1
1728π4s
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz
(
s−m2c
) (
2s−m2c
)
, (47)
ρJ=15 (s) =
mc〈q¯gsσGq〉
64π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)
−mc〈q¯gsσGq〉
288π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1 − y − z) , (48)
ρJ=16 (s) =
g2s〈q¯q〉2
648π4s
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
8s−m2c +
5m4c
3
δ
(
s−m2c
)}
+
g2s〈q¯q〉2
1944π4s
∫ yf
yi
dy y(1− y) m˜2c
−g
2
s〈q¯q〉2
1296π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
3
(
z
y
+
y
z
)
+
(
z
y2
+
y
z2
)
m2cδ
(
s−m2c
)
+(y + z)
[
8 + 2m2cδ
(
s−m2c
)]}
− g
2
s〈q¯q〉2
11664π4s
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
27
(
z
y
+
y
z
)
s+ 11
(
z
y2
+
y
z2
)
m2cm
2
cδ
(
s−m2c
)
+ (y + z)
[
6
(
8s−m2c
)
+ 10m4cδ
(
s−m2c
)]}
, (49)
19
ρJ=17 (s) =
m3c〈q¯q〉
288π2T 2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1 − y − z)δ (s−m2c)
−mc〈q¯q〉
96π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z)δ (s−m2c)
−mc〈q¯q〉
288π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dzδ
(
s−m2c
)
−mc〈q¯q〉
864π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
1− y
y
+
1− z
z
)
δ
(
s−m2c
)
−mc〈q¯q〉
576π2
〈αsGG
π
〉
∫ yf
yi
dyδ
(
s− m˜2c
)
, (50)
ρJ=00 (s) =
1
256π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1 − y − z)3 (s−m2c)2 (7s2 − 6sm2c +m4c)
+
1
256π6
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z)2 (s−m2c)3 (3s−m2c) , (51)
ρJ=03 (s) = −
mc〈q¯q〉
8π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)(1− y − z) (s−m2c) (2s−m2c) , (52)
ρJ=04 (s) = −
m2c
192π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)3{
2s−m2c +
m4c
6
δ
(
s−m2c
)}
− m
2
c
384π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
z
y2
+
y
z2
)
(1− y − z)2 (3s− 2m2c)
− 1
768π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (10s2 − 12sm2c + 3m4c)
+
1
384π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z) (s−m2c) (2s−m2c)
+
1
384π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z) (1− y − z)2 (10s2 − 12sm2c + 3m4c)
+
1
3456π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)3 (10s2 − 12sm2c + 3m4c)
+
1
576π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz (1− y − z) (10s2 − 12sm2c + 3m4c)
+
1
576π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz (1 − y − z)2 (s−m2c) (2s−m2c)
+
1
288π4
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz yz
(
s−m2c
) (
2s−m2c
)
, (53)
20
ρJ=05 (s) =
mc〈q¯gsσGq〉
32π4
∫ yf
yi
dy
∫ 1−y
zi
dz (y + z)
(
3s− 2m2c
)
−mc〈q¯gsσGq〉
48π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z) (3s− 2m2c) , (54)
ρJ=06 (s) =
m2c〈q¯q〉2
3π2
∫ yf
yi
dy +
g2s〈q¯q〉2
54π4
∫ yf
yi
dy
∫ 1−y
zi
dz yz
{
2s−m2c +
m4c
6
δ
(
s−m2c
)}
+
g2s〈q¯q〉2
324π4
∫ yf
yi
dy y(1− y) (3s− 2m˜2c)
−g
2
s〈q¯q〉2
648π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
3
(
z
y
+
y
z
)(
3s− 2m2c
)
+
(
z
y2
+
y
z2
)
m2c
[
2 +m2cδ
(
s−m2c
)]
+ (y + z)
[
12
(
2s−m2c
)
+ 2m4cδ
(
s−m2c
)]}
−g
2
s〈q¯q〉2
1944π4
∫ yf
yi
dy
∫ 1−y
zi
dz (1− y − z)
{
15
(
z
y
+
y
z
)(
3s− 2m2c
)
+ 7
(
z
y2
+
y
z2
)
m2c
[
2 +m2cδ
(
s−m2c
)]
+ (y + z)
[
12
(
2s−m2c
)
+ 2m4cδ
(
s−m2c
)]}
, (55)
ρJ=07 (s) =
m3c〈q¯q〉
144π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z3
+
z
y3
+
1
y2
+
1
z2
)
(1− y − z)(
1 +
m2c
T 2
)
δ
(
s−m2c
)
−mc〈q¯q〉
48π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
y
z2
+
z
y2
)
(1− y − z){2 +m2cδ (s−m2c)}
+
mc〈q¯q〉
48π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
{
2 +m2cδ
(
s−m2c
)}
−mc〈q¯q〉
144π2
〈αsGG
π
〉
∫ yf
yi
dy
∫ 1−y
zi
dz
(
1− y
y
+
1− z
z
){
2 +m2cδ
(
s−m2c
)}
−mc〈q¯q〉
288π2
〈αsGG
π
〉
∫ yf
yi
dy
{
2 + m˜2c δ
(
s− m˜2c
)}
, (56)
ρJ=08 (s) = −
m2c〈q¯q〉〈q¯gsσGq〉
6π2
∫ 1
0
dy
(
1 +
m˜2c
T 2
)
δ
(
s− m˜2c
)
+
m2c〈q¯q〉〈q¯gsσGq〉
36π2
∫ 1
0
dy
1
y(1− y)δ
(
s− m˜2c
)
, (57)
21
ρJ=010 (s) =
m2c〈q¯gsσGq〉2
48π2T 6
∫ 1
0
dy m˜4c δ
(
s− m˜2c
)
−m
4
c〈q¯q〉2
54T 4
〈αsGG
π
〉
∫ 1
0
dy
{
1
y3
+
1
(1 − y)3
}
δ
(
s− m˜2c
)
+
m2c〈q¯q〉2
18T 2
〈αsGG
π
〉
∫ 1
0
dy
{
1
y2
+
1
(1 − y)2
}
δ
(
s− m˜2c
)
+
m2c〈q¯q〉2
54T 2
〈αsGG
π
〉
∫ 1
0
dy
1
y(1− y)δ
(
s− m˜2c
)
−m
2
c〈q¯gsσGq〉2
144π2T 4
∫ 1
0
dy
1
y(1− y)m˜
2
c δ
(
s− m˜2c
)
+
m2c〈q¯gsσGq〉2
32π2T 2
∫ 1
0
dy
1
y(1− y)δ
(
s− m˜2c
)
+
m2c〈q¯q〉2
54T 6
〈αsGG
π
〉
∫ 1
0
dy m˜4c δ
(
s− m˜2c
)
, (58)
the subscripts 0, 3, 4, 5, 6, 7, 8, 10 denote the dimensions of the vacuum condensates, yf =
1+
√
1−4m2c/s
2 , yi =
1−
√
1−4m2c/s
2 , zi =
ym2c
ys−m2c
, m2c =
(y+z)m2c
yz , m˜
2
c =
m2c
y(1−y) ,
∫ yf
yi
dy → ∫ 1
0
dy,∫ 1−y
zi
dz → ∫ 1−y0 dz when the δ functions δ (s−m2c) and δ (s− m˜2c) appear. The condensates
〈αspi GG〉, 〈q¯q〉〈αspi GG〉, 〈q¯q〉2〈αspi GG〉, 〈q¯gsσGq〉2 and g2s〈q¯q〉2 are the vacuum expectations of the op-
erators of the orderO(αs). The four-quark condensate g2s〈q¯q〉2 comes from the terms 〈q¯γµtaqgsDηGaλτ 〉,
〈q¯jD†µD†νD†αqi〉 and 〈q¯jDµDνDαqi〉, rather than comes from the perturbative corrections of 〈q¯q〉2.
The condensates 〈g3sGGG〉, 〈αsGGpi 〉2, 〈αsGGpi 〉〈q¯gsσGq〉 have the dimensions 6, 8, 9 respectively,
but they are the vacuum expectations of the operators of the order O(α3/2s ), O(α2s), O(α3/2s )
respectively, and discarded. We take the truncations n ≤ 10 and k ≤ 1 in a consistent way, the
operators of the ordersO(αks ) with k > 1 are discarded. Furthermore, the values of the condensates
〈g3sGGG〉, 〈αsGGpi 〉2, 〈αsGGpi 〉〈q¯gsσGq〉 are very small, and they can be neglected safely.
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